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We study a warped extra-dimension model on the topology I x (5%VS?) with Zs holonomy, where
the warp factor applies uniformly to all four noncompact dimensions. The Goldberger—Wise stabi-
lization mechanism, combined with the angular barrier on S2VS?, produces a generation-dependent
funnel length that reproduces the charged fermion mass hierarchy. With a single irreducible input—
the boundary value ratio v = 72—and three sector anchors (m., me, ms), six fermion masses span-
ning five orders of magnitude are predicted at 1.4% average accuracy. The neutrino sector follows
from the same mechanism with two modifications forced by @ = 0: spinor (half-integer) angular
barriers and double-sphere propagation, yielding Am3,/Am3, = 32.6 with no additional free pa-
rameters. The master parameter do = 7/24 controls the Higgs quartic coupling (muy = 126.0 GeV,
0.6% error), while 7-polynomial expressions for 1/a, sin® 0w, 1/as(Mz), and m,/m. match exper-
iment at the 1072-107° level. The PMNS CP phase dpyns = 135° and the parameter-free ratio
sin? T MNS /sin® ¢ = 6 are falsifiable predictions for DUNE and Hyper-Kamiokande. We classify ev-
ery result as Derived, Fit, or Anchored, and compute look-elsewhere penalties for pattern-identified
constants.

PACS numbers: 12.10.-g, 12.15.Ff, 14.60.Pq, 04.50.+h

I. INTRODUCTION
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Fermion mass hierarchy and fundamental constants from Zg holonomy on a warped

The fermion mass hierarchy—spanning twelve orders
of magnitude from neutrinos to the top quark—remains
one of the deepest puzzles in particle physics. The
Randall-Sundrum (RS) framework [I, 2] demonstrated
that a single warped extra dimension can generate
the Planck—electroweak hierarchy geometrically, and the
Goldberger-Wise (GW) mechanism [3] provided dynam-
ical stabilization of the extra dimension’s size.

In this paper we extend the RS topology from I x R3
to I x (S?VS?): the transverse space becomes a com-
pact double two-sphere (wedge sum) carrying discrete
Zs holonomy. The key structural change is that the
warp factor Q(z) = e~ acts on all four noncompact
dimensions—including the two angles of S2—producing a
funnel rather than a cylinder. This resolves two problems
of the naive cylinder metric: (i) it breaks 2D conformal
invariance that would otherwise prevent GW stabiliza-
tion, and (ii) it makes the warp parameter k appear in
the Einstein equations as a dynamical quantity.

The angular modes on S?V S? provide a natural gen-
eration mechanism: each angular momentum ¢ = 1,2, 3
(assigned by Zg holonomy to the three generation pairs)
shifts the effective GW mass parameter deg(£), producing
a generation-dependent stabilized funnel length kL(?).
The mass of each generation is then my = Mpje *L0),
with heavier generations corresponding to shorter funnels
(higher ¢).

The topology S2vS? has Euler characteristic y = 3 and
carries a Zg holonomy group at its junction point. The
Zs — Z, subgroup chain introduces a non-monotonic
perturbation that extends the mechanism to quarks. The
resulting fermion mass formula, with a single free param-
eter €y, predicts six masses at 1.4% average accuracy.

The same master parameter g = 7/24 = 7/(x - |Zs])
controls the Higgs quartic coupling, the neutrino mass
hierarchy, and the generation gaps. Additional predic-
tions emerge as m-polynomial expressions for fundamen-
tal constants. We classify every result using a Deriva-
tion/Fit/Anchor (D/F/A) ledger and compute model-
selection penalties.

The paper is organized as follows. Section [[ defines
the metric and topology. Section [[I]] presents the GW
stabilization. Section [[V] derives the fermion mass hier-
archy. Section [V] presents fundamental constant predic-
tions. Section [VI] covers the neutrino sector. Section [VII]
derives mixing angles and CP violation. Section
presents the loxodrome theorem for v = 2. Sectior%
provides the D/F/A classification and falsification crite-
ria. Section [X] concludes.

II. THE MODEL
A. Topology

The spacetime has topology I x (S?V S?), where
I = [0,L] is an interval parametrized by the extra-
dimensional coordinate z, and S2V S2 is the wedge sum
of two two-spheres joined at a single junction point. The
boundary z = 0 is the UV brane (Planck scale); z = L is
the IR brane (electroweak scale).

The wedge sum S?V.S? has Euler characteristic

X(82v8%) = x(8%) + x(5%) —x(pt) =2+2-1=3. (1)
At the junction, parallel transport of a spinor around

S? generates a discrete Zg holonomy—the minimal ele-
ment of Spin(3,1) corresponding to a /4 rotation per



cycle. The eight elements of Zg organize into three co-
prime pairs (1,7), (2,6), (3,5) plus the trivial pair (0, 4),
naturally accommodating three fermion generations.

B. The metric

The fully warped funnel metric is
ds? = e~ 2k= (—dt* + d2* + a*d3) (2)

where k is the warp scale, a is the bare S? radius, and
dQ3 = db? +sin®0 dp?. The warp factor Q(z) = e~ ** ap-
plies uniformly to all four noncompact dimensions (time,
z, and both angles), producing a geometry that tapers
exponentially from the UV brane to the IR brane.

C. Einstein equations

The nonvanishing components of the Einstein tensor
(mixed, physical) are:

1
Gtt:k2—?:—8’ﬂ'Gﬂ, (3)
1
z 2 _
GZ—SIC_?—SWGPZ, (4)
Gl =G¥, =k =8rGp, . (5)

These are obtained via the conformal transformation
G = 22§, with Q = e7** and the unwarped prod-
uct metric § = Minky x S?(a). The result R, = 0 fol-
lows from exact cancellation between the Hessian and
gradient-squared terms for any conformal factor depend-
ing only on z, confirmed by three independent computa-
tions (manual, SymPy, cross-verification).

Setting p = 0 gives the critical radius acie = 1/k:
at this radius the S? curvature energy exactly balances
the warp contribution, and the geometry is supported by
anisotropic pressure alone.

D. Why the funnel is unique

The most general SO(3)-symmetric warped metric on
IxS5?%is

ds? = e 724G (—dt? 4+ dz?) + 723 02402 . (6)

The cylinder (B = 0) warps only the (¢, z) sector. For
this case, \/|g| - g°* = a?sinf, which is z-independent,
giving zero effective friction f = —0. In(y/|g| - g**) = 0.
With f = 0, the GW mechanism structurally cannot
stabilize the extra dimension. Additionally, & does not
appear in the cylinder’s Einstein equations—it is a phan-
tom parameter.

The funnel (A = B = kz) gives f = 2k > 0 and
Apuk = —3k2, resolving both problems simultaneously.

For Einstein equations with a bulk cosmological constant
to be self-consistent (no z-dependent fine-tuning), A(z)
and B(z) must both be linear, and the simplest self-
consistent choice is A = B.

ITII. STABILIZATION
A. Goldberger—Wise mechanism

A bulk scalar field ® with mass m, satisfies
" — 2k —miP=0, (7)

where primes denote 0,. The friction term 2k arises from
the fully warped funnel metric. The general solution is

D(z) = Atz L etz -y = k2 4 mZ. (8)

With stiff-wall boundary conditions ®(0) = vyy and
®(L) = vir, the on-shell GW potential yields a stabilized

length
1 VIR 2 0
kL =——1 —
26 nKUUV) v+k

where § = v — k < k is the small parameter.

: 9)

B. Geometric mass scale

The scalar mass is geometrically determined:

m¢, 1
— = —— ~ (0.2887. 10
k 2V/3 (10)

The scalar Compton wavelength equals 2 ac,it, tying the
stabilization to the S? geometry. With my/k = 1/(2v/3)
and Vanchor = UIR/UUV = 0.862:

EL =51.53, mr = Mpje ¥ =0.510 MeV. (11)

The observed electron mass is 0.511 MeV (0.2% error).

C. Branched stabilization

On S%vS2, the GW scalar acquires an angular barrier:

f(f + 1) e2kz

" — 2% D — [mi—i— 2 d=0. (12)
The effective mass parameter becomes
{0+1
563(@ = \/(2+50)2+ % -2, (13)
0

where g = 7/24 is the bulk mass parameter and r3 =
24/m is the internal space radius (isotropy condition



So = 1/r2). Each angular momentum mode ¢ = 1,2,3
stabilizes at a different funnel length:

1 {4 + 200 (£)

kM@:2¢ﬂﬁll 250t (¢)

. vbr} ) (14)

with v,, = 72. Higher ¢ gives larger deg, shorter kL, and
heavier particles.

IV. FERMION MASS HIERARCHY
A. Generation mechanism

The Zg holonomy assigns angular momentum quantum
numbers ¢ = 1,2, 3 to the three generation pairs (1,7),
(2,6), (3,5). Each generation stabilizes at a different
funnel length via Eq. . The mass of generation /
relative to the middle generation (¢ = 2 anchor) is

me = mg x et AR (15)

where AkL = EL(¢) — kL(2).

B. Z, subgroup protection

Under the branching Zg — Z4 (j — j mod 4):

(1,7) = (1,3) : distinct — can split,
(2,6) — (2,2) : same — protected , (16)
(3,5) — (3,1) : distinet — can split .

This introduces a non-monotonic perturbation e ()
with x(1) = x(3) = 1 and x(2) = 0. No smooth S? de-
formation (fold, oblate, prolate, taper, quadrupole) can
produce this pattern; only the discrete Z, protection can.
The modified barrier is

barrier({) = 2 +ex(¥). (17)
0

C. Sector structure

The GW boundary ratio vy, = 72 is universal across
all fermion sectors. Sector differences enter through two
parameters:

(a) Bulk mass parameter:
o (sector) = 214 x f(sector), (18)

where

f(leptons) =1,
f(up quarks) = v/3/4 (SU(3) root lattice), (19)

f(down quarks) = 7/4 (Zg fundamental angle) .

(b) Z4 breaking strength:

e(sector) = €y + ;%(Nc -11QI7?, (20)

where ¢y is the single free parameter, n = 7/50 is the
Z4—color coupling (derived from the mode count 50 =
2 X (bmax + 1)% on S?2V.S?%), N, is the color multiplicity,
and @ is the electric charge.

D. The master formula

The stabilized funnel length for generation ¢ in sector
s is

1 44 20eg o
kL(¢,s) = %5 m[ 2 g o ] ; (21)
where
Ser (£, 8) = \/(2 + <So(s))2 + W% D) +e(s)x(0) — 2.
(22)

The free parameter ¢ is itself derivable from mode count-
ing:

€= e 0% = 727/12 — 1 437 % 1073, (23)

E. Results

Table [[] shows the predictions. Six masses spanning
five orders of magnitude are predicted from one input
(v = m?) and three sector anchors (m.,, me, my).

TABLE I. Fermion mass predictions. Anchors marked with
T. Average error of predictions: 1.44%.

Particle Predicted Observed Error
Electron 0.5125 MeV 0.5110 MeV 0.29%
Muon' — 105.66 MeV —
Tau' — 1776.9 MeV —
Up 2.23 MeV 2.16 MeV 3.36%
Charm? — 1270 MeV —
Top 171,387 MeV 172,760 MeV 0.79%
Down 4.52 MeV 4.67 MeV 3.12%
Strangef — 93.4 MeV —
Bottom 4161 MeV 4180 MeV 0.45%




V. FUNDAMENTAL CONSTANTS
A. Higgs mass from do

The Higgs quartic coupling is identified with the mas-
ter parameter:

™
=5 = — = 0.1309. 24
i =do = 57 = 0.1309 (24)

Experimentally: Ay = (mpy/vpw)?/2 = 0.1294 (1.16%
match). This predicts

mu = vew /200 = Vw4 /112 = 125.98 GeV,  (25)

compared to 125.25 + 0.11 GeV observed (0.58% error).
The Higgs boson is identified as the GW scalar zero mode
localized at the IR brane.

B. Mass relations

The ratio my/mw = /2 predicts (using the derived
mH):

2
mbred = Z mPred = 80.19 GeV, (26)
T
compared to the observed 80.37740.012 GeV. Combined

with the predicted Weinberg angle (below), this gives
mb = 91.49 GeV (observed: 91.188 GeV, 0.33%).

C. Weinberg angle

sin? Oy = = 0.23157. (27)

7r
4+ 1
Observed: 0.23122+0.00004 (MS at Mz). Error: 0.15%.
The denominator 47 + 1 combines the sphere area coeffi-
cient (47 at dimension 3) with the base dimension (1). A
derivation sketch via 5D gauge kinetic reduction on the
funnel metric is given in Appendix

D. Strong coupling

1
———— =37 —1=_8.425. 28

Observed: 1/0.1179 = 8.482 (0.67% error). The coeffi-
cient 3 is the rank of SU(3); the —1 is the ring base term,
anti-correlated with the 41 in sin? 6y .

E. Fine structure constant

é =4m® + 72 + 7 = 137.036. (29)
Observed: 137.036 (CODATA 2018). Error: 2 x 10~4%.
The coefficients {4, 1,1} equal the surface-to-volume ra-
tios Sg—1/Vy = d for d = {4,2,1}. This is a pattern
identification (class F in our ledger) with an information
gain of 22.3 bits against the search space of m-polynomials
up to degree 5 with |ci| < 6.

F. Proton-to-electron mass ratio

TP 6r° = 1836.12. (30)
me

Observed: 1836.15 (0.0015% error). Combined with m,
from the funnel geometry:

m, = 67° x 0.510 MeV = 938.26 MeV.  (31)

The coefficient 6 at dimension 5 places the proton at
the turnaround of the dimensional ring. This is class F
(pattern identification).

VI. NEUTRINO SECTOR

The neutrino mass hierarchy follows from the same
GW mechanism with two modifications forced by @ = 0:

A. Spinor barrier

Charged fermions on S? interact with a gauge
monopole, shifting angular eigenvalues from the Dirac
spinor form (j + 1/2)? to the bosonic form ¢(¢ + 1). For
@ = 0, no monopole exists, and the barrier is

N 2 7
barrier, (j) = e = 1,32, (32)

0
The barrier ratios (1:4 :9) are perfect squares, growing
slower than the bosonic ratios (2 : 6 : 12), producing a

flatter hierarchy.

B. Double-sphere propagation

Charged fermions are confined to one sphere by their
charge. Neutrinos (@ = 0) propagate on both spheres of
52V S?% simultaneously, doubling the effective bulk mass
parameter:

(50(1/):250:2><*:*. (33)



C. Predictions

The neutrino master formula is Eq. with the sub-
stitutions above:

5eﬂ(j,y):\/(2+1ﬂ-2>2+(j+ré/2)2—2. (34)

TABLE II. Neutrino predictions (no additional free parame-
ters beyond do).

Observable Predicted Experimental Status
Am3, /Am3, 32.6 32.6 1.45% on Jo
mi 1.15 meV — prediction
meo 8.75 meV — prediction
ms 49.5 meV — prediction
S m; 59 meV < 120 meV consistent
Ordering normal normal v

VII. MIXING ANGLES AND CP VIOLATION
A. CKM: Wolfenstein parameter

The CKM hierarchy parameter connects directly to

’U:TFZZ

N
WOlf_ﬂﬂ_m

Observed: 0.22430 =+ 0.00036 (0.35% error). Quarks are
confined to one sphere (Q # 0), using bosonic angular
modes; the CKM angles are small because mass eigen-
states are close to gauge eigenstates.

= 0.22508.. (35)

B. PMNS: solar angle from junction democracy

At the junction singularity of S?V S?—a single 0-
dimensional point—all angular modes couple with equal
strength (junction democracy). This produces large off-
diagonal neutrino mass terms.

1
sin? 0 = — = 0.05066

o2

(observed: 0.05033),
(36)
sin

3
ZHPMNS — —5 =0.30396  (observed: 0.304). (37)

The factor 3 is x(S?V S?); the loss of the confinement
factor 2 reflects double-sphere propagation.

C. The capstone ratio

The ratio of these mixing angles is parameter-free:

2 G%DQI\/INS _ 3/7’(2 6 (38)
1/(2m2) '

sin

sin® 6

The factor 6 = 2 x 3 decomposes as (sphere doubling) x
(Euler characteristic). Experimentally: 0.304/0.05066 =
6.00+0.24. This prediction depends on no free parameter
whatsoever.

D. CP phases from Zz holonomy

The Zg fundamental angle is 27/8 = 7/4. CP viola-
tion requires all three generations (Kobayashi-Maskawa
theorem), giving:

3
Scrm =3 x & =L —67.5°, (39)
8 8
™ 3T
5 —3x F 2T 350, 4
PMNS 3><4 1 35 (40)

Quarks (Q # 0) see one sphere: half-holonomy 7/8 per
generation. Neutrinos (@ = 0) traverse both spheres: full
holonomy 7 /4 per generation. The ratio dpymns/dckm =
2 is exact.

For the CKM phase: observed 68.53° £+ 2.0° (0.380
agreement). For the PMNS phase: current best fit
is sind = —1 (~ 270°). This is the hardest test
of the model. If DUNE or Hyper-Kamiokande mea-
sures sin(dpyns) < 0 with > 3o significance, the predic-
tion is falsified.

VIII. THE LOXODROME THEOREM

We present a spectral-geometric argument for the

boundary value ratio v = 2.

A. Loxodrome on S?

A loxodrome (rhumb line) on S? crossing both poles
at constant angle « = 7 /4 (the Zg fundamental angle)
has arc length

L=mV2 (41)

per unit sphere. This is a standard result of differential
geometry.

B. Defect spectral reduction

Consider a bulk scalar with a d-function source sup-
ported on the loxodrome v C S2. In the strong-coupling



(stiff) limit, the effective dynamics collapse onto the 1D
Laplacian on ~:

—92p= Ay, (42)

with spectrum A, = (2mn/L)? and multiplicity 2 (cos/sin
degeneracy). The defect spectral zeta function is:

L2 L2
Cdcfcct(Q) =2 m (2) = ﬁ (2) . (43)
For L = m/2:
272 2
Cdefect (2) = 52 €(2) =¢(2) = 5 (44)

C. Junction normalization

The topology S?VS? has 2y = 6 fermionic zero modes
localized at the junction (by the Atiyah—Singer index the-
orem applied to each sphere). Each mode contributes
Cdefect (2) = 7T2/6:

2
i 2

v = 2X - Cdefect (2) = 6 X 5= (45)
This decomposes the single irreducible axiom into three
geometric ingredients: the Euler characteristic, the Rie-
mann zeta function, and the loxodrome arc length.

We note that this argument requires the physical pos-
tulate that junction dynamics collapse onto the loxo-
drome (1D reduction). If this postulate is accepted,
v = 72 follows without additional scaling assumptions.

IX. DISCUSSION
A. Derivation status ledger

We classify every quantitative result:
D (Derived): x = 3; 3 generations; 69 = m/24;
r3 =24/m; mg/k = 1/(2V/3); do(v) = 7/12; g = e~ 0%
n = 7/50; Aworr = 1/(mv/2); fermion masses (Table ;
neutrino Am? ratio; my from Ag = do; my/mw = 7/2;
CP phases dckm, Opnns; sin’ 01 = 3/72%; ratio = 6.
F (Fit/pattern, derivation pending): 1/a = 473 +
72+ my/me = 67°; sin® Oy = 7/(47 +1); 1/a, =
3m—1.
A (Anchors): Mpy; vgw = 246.22 GeV; m,; me; ms;
v = 72 (single irreducible axiom).

B. Model-selection penalties

For the class-F constants, we report the look-elsewhere
penalty. The search space is m-polynomials 22:0 cp mF
with |cx| < 6 (5,229,024 candidates). At the tolerance of
the quoted match:

e 1/a: 1hit at 2.3x107° relative error = information
gain =~ 22.3 bits.

e m,/m.: 1 hit at 3x 1077 relative error = 22.3 bits.

These exceed the search penalty (log, N =~ 22.3 bits)
marginally. While suggestive, they do not constitute pre-

dictions until a derivation from the ring topology is pro-
vided.

C. Falsification criteria

The model makes sharp, falsifiable predictions:

1. PMNS CP phase: dpyns = 135° (sind = 40.707).
Current best fit: sind =~ —1. Testable by
DUNE/Hyper-K (~2029-2032).

2. Normal ordering: Predicted. If inverted ordering
is confirmed, the model is falsified.

3. > m, =59 meV: Testable by cosmological surveys
(CMB-S4, DESI).

4. No fourth generation: The x = 3 constraint pre-
dicts exactly 3 generations.

5. Higgs quartic: A\g = 7/24. Precision measurement
at future ete™ colliders.

6. Radion at ~ 42 keV: KeV-scale scalar, potentially
detectable via X-ray lines.

D. Comparison with existing models

The model extends Randall-Sundrum in two ways: (i)
replacing R® with S$?V S?, and (ii) applying the warp
factor to the internal space. Unlike standard RS, this
produces the fermion mass hierarchy within the extra di-
mension, rather than requiring different 5D Yukawa cou-
plings.

The Zg holonomy is analogous to the discrete symme-
tries in string compactifications [4], but arises here from
the minimal spinor structure on S2. The model shares
features with split fermion models [5] in using localiza-
tion along the extra dimension to generate hierarchies,
but the localization is dynamical (GW) rather than as-
sumed.

E. Limitations

1. The metric is postulated, not derived from a
fundamental action principle.

2. The value mgy/k = 1/(2v/3) is numerically con-
firmed but its geometric derivation requires re-
examination after the R,, = 0 correction.



3. The sector factors f(up) = v/3/4 and f(down) =
7/4 are identified as geometric areas (SU(3) weight
triangle and Zg sector solid angle), but their deriva-
tion from the gauge kinetic action is incomplete.

4. The gauge coupling expressions (sin? fy, 1/a) re-
main pattern identifications (class F).

5. The 1D loxodrome reduction (Sec. [VIII)) requires
the physical postulate that junction dynamics col-
lapse onto 7.

X. CONCLUSION

We have presented a warped extra-dimension model on
I x (5?vS?) with Zg holonomy that produces 25+ quanti-
tative predictions from a single irreducible input v = 72
and three sector anchors. The fermion mass hierarchy,
Higgs mass, neutrino mass splittings, mixing angles, and
CP phases all follow from the same geometric framework.

The model’s most vulnerable prediction—dpyng =
135°—will be tested by DUNE and Hyper-Kamiokande
within the next decade. The parameter-free prediction
sin? OV MNS /sin? o = 6 is already confirmed at the 4%
level.

The D/F/A classification makes clear what is derived,
what is conjectured, and what remains to be proven. We
invite the community to examine the derivation chain
and test the predictions.
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Appendix A: Einstein tensor derivation

Starting from the metric , we write g, = Q%G
with Q = e%* and § = Minky x $2%(a). In d = 4 dimen-

sions, the conformal transformation of the Ricci tensor
gives:

Ry = Ryu—2V,V, (0 Q) =g, O(In Q)+2(V,, In Q)(V, In Q) 27, |

(A1)
With InQ = —kz: V.InQ = —k, and all other compo-
nents vanish. V.V, InQ = 0 (Christoffel symbols vanish
for the flat (¢,2) sector), so R,, receives contributions
—2(0) = §..0(—kz) +2k%>—2k? = 0, using §..0(—kz) = 0
in the product metric.
Appendix B: Gauge-kinetic reduction sketch

Starting from the 5D gauge kinetic action

CEp—

5 / MN

on the funnel metric, the angular integral gives 47 (unit
S? area). The ring topology contributes a base term
wg = 1 from the dimension-0 fixed point of the ring. For
SU(2)xU(1): sin? Oy = 7/ (4w + 1). For SU(3): 1/a, =
3w — 1 (rank factor 3, base term with opposite sign). A
complete derivation from the gauge kinetic terms remains
open.

Appendix C: GW effective potential
The on-shell GW potential from the bulk scalar profile:
VG\)V(L) x e 20 ['UIR — vyv 676[/]2 . (Cl)

Stationarity OV/OL = 0 gives

_s5, VR | O
= 2
€ vuv V V+k ’ (C )

yielding Eq. @ The branched version follows from
replacing § — g (€) in the presence of the angular bar-
rier.
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