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We show that the discrete holonomy group Z8 on the branched internal space S2∨S2 introduced in
Paper I reproduces the combinatorial architecture of the genetic code without additional parameters.
The four generators of Z∗

8 map to four DNA bases; three sectors meeting at the junction give three
codon positions; 43 = 64 ordered triples yield codons, and

(
6
3

)
= 20 unordered multisets yield amino

acids. A two-stage filter—constructive phase interference followed by holonomy closure j1 + j2 ≡ 0
(mod 8)—selects exactly the Watson–Crick base pairs {A-T, G-C} from six possible pairings. The
three non-trivial involutions of Z∗

8
∼= Z2×Z2 exhaust the Klein four-group and correspond one-to-one

to the three biological mechanisms: base pairing, wobble degeneracy, and position-2 dominance. A
bond-sum arithmetic argument shows that n = 3 is the unique codon length preventing premature
chain closure. The Z8 loxodrome on S2 with pitch α = π/4 has arc length L = π

√
2, fixing the

internal radius R = 1/(π
√
2) at a unique bootstrap fixed point that coincides with the Wolfenstein

parameter λ. Finally, an elimination proof in five lemmas establishes the antiparallel double helix
as the unique stable periodic configuration on S2∨S2 with Z8 holonomy. All results are derived
from the same single geometric input v = π2 that determines the particle spectrum in Paper I.

I. INTRODUCTION

In Paper I [1] we showed that a warped extra-
dimension model on the funnel topology I × (S2∨S2)
with Z8 discrete holonomy and a single geometric input
v = π2 produces 25 quantitative predictions for parti-
cle masses, coupling constants, and mixing angles. That
analysis operates entirely at energies ≳ 1 MeV.

Here we pursue a consequence that Paper I noted
but did not develop: the ℓ = 0 (junction) mode of the
Goldberger–Wise scalar on S2∨S2 falls at biological en-
ergy scales. Specifically, the down-sector junction mode
has energy

Ejunc = 1.37 eV, (1)

coinciding with the covalent bond energy scale. This
is the only mode in the SP spectrum between particle
physics (≳ MeV) and sub-thermal (≲ meV) energies.

We show that the Z8 combinatorial structure at this
junction reproduces the full architecture of the genetic
code: the number of bases, codon positions, codons,
amino acids, and degeneracy classes; the Watson–Crick
pairing rule; the reading frame length; the three biolog-
ical involutions; and the uniqueness of the double helix.
No additional parameters, symmetry groups, or assump-
tions beyond those already present in Paper I are re-
quired.

Throughout, we use standard group-theoretic nota-
tion. Z∗

8 = {1, 3, 5, 7} denotes the multiplicative group
of units modulo 8, which is isomorphic to the Klein four-
group V4

∼= Z2 × Z2.
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II. COMBINATORIAL STRUCTURE

The Z8 holonomy group has four generators (elements
coprime to 8):

Gen(Z8) = {1, 3, 5, 7}, |Gen(Z8)| = φ(8) = 4. (2)

Three fermion sectors meet at the S2∨S2 junction. The
ℓ = 0 modes are spherically symmetric and carry no an-
gular quantum number, so the three sectors are unordered
at the junction. This yields the fundamental counting:

Z8 quantity Value Genetic code

φ(8) generators 4 DNA bases
Sectors at junction 3 Codon positions
Ordered triples 43 64 Codons(

6
3

)
multisets 20 Amino acids

Aut(Z8) orbits 5 Degeneracy classes

The amino acids are multisets (unordered triples) be-
cause the ℓ = 0 mode has no angular structure: the infor-
mation content is which generators appear, not their or-
der. The ribosome imposes the reading frame; the topol-
ogy determines the content.

The 20 amino acids arise as
(
4+3−1

3

)
=

(
6
3

)
= 20 multi-

sets of size 3 drawn from 4 generators, with the Aut(Z8)
action partitioning these into 5 orbits that correspond to
the 5 empirical degeneracy classes {1, 2, 3, 4, 6}.

III. WATSON–CRICK PAIRING: A
TWO-STAGE FILTER

We derive the Watson–Crick base-pairing rule
{A-T, G-C} from Z8 phase arithmetic in two stages.
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A. Stage 1: Constructive phase interference

Assign Z8 phases ϕj = 2πj/8 to each generator. For a
pair (j1, j2), the superposition amplitude is

|eiϕj1 + eiϕj2 |2 = 2 + 2 cos
( 2π(j1−j2)

8

)
. (3)

This equals the maximum value 4 when j1 = j2, equals 2
(constructive) when j1 − j2 ≡ ±2 (mod 8), and equals 0
(destructive) when j1 − j2 ≡ 4 (mod 8). Among the six
distinct pairs from {1, 3, 5, 7}:

Pair Amplitude2 Status

(1, 3) 2 Constructive
(5, 7) 2 Constructive
(1, 7) 2 Constructive
(3, 5) 2 Constructive
(1, 5) 0 Destructive
(3, 7) 0 Destructive

Stage 1 eliminates 2 pairs but retains 4—not yet Watson–
Crick.

B. Stage 2: Holonomy closure

For the combined standing wave to close at the S2∨S2

junction, the round-trip holonomy must be trivial:

e2πi(j1+j2)/8 = 1 =⇒ j1 + j2 ≡ 0 (mod 8). (4)

Checking all six pairs:

Pair j1+j2 Closed? Tier

(1, 7) 8 ≡ 0 Yes Watson–Crick
(3, 5) 8 ≡ 0 Yes Watson–Crick
(1, 3) 4 No Mispair
(5, 7) 12 ≡ 4 No Mispair
(1, 5) 6 No Forbidden
(3, 7) 10 ≡ 2 No Forbidden

Exactly two pairs survive both stages: {1, 7} and {3, 5},
identified with A-T and G-C.

The three-tier classification matches observed bio-
physics: Tier 1 (Watson–Crick) has ∆G = −2 to
−3 kcal/mol (strongly favorable); Tier 2 (mispairs such
as G-T wobble) has ∆G = −1 to −2 kcal/mol (the
most common replication error); Tier 3 (purine–purine
or pyrimidine–pyrimidine) has positive ∆G (wrong helix
diameter).

Key insight.—Purines {A,G} = {1, 5} and pyrimidines
{C, T} = {3, 7} are the antipodal pairs under the I5 in-
volution. The chemical classification (purine vs. pyrimi-
dine) is an output of the topology, not an input.

IV. THREE INVOLUTIONS: KLEIN
FOUR-GROUP SATURATION

The multiplicative group Z∗
8 = {1, 3, 5, 7} is isomorphic

to V4 = Z2 × Z2, which has exactly three non-trivial
involutions. Each has a distinct biological function:

Involution Map Orbits Biology

I7 j→7j {1, 7}, {3, 5} WC pairing
I5 j→5j {1, 5}, {3, 7} Wobble
I3 j→3j {1, 3}, {5, 7} Pos-2 dominance

Since V4 has exactly 3 non-trivial elements and biology
has exactly 3 mechanisms, the correspondence exhausts
the group. No further involutions exist. This is a satu-
ration result: the genetic code uses all available Z∗

8 sym-
metry.

A. Six-fold amino acids

The genetic code has exactly 3 amino acids with 6-fold
codon degeneracy: Leucine, Arginine, and Serine. Each
arises from one specific involution merging two codon
families:

Amino acid Involution Merge Action

Leucine I5 (wobble) CU + UUpur j1: 3×5≡7
Arginine I3 (domin.) CG+AGpur j1: 3×3≡1
Serine I7 (conjug.) UC +AGpyr Both pos.

Serine uniquely crosses the purine/pyrimidine divide, re-
quiring full charge conjugation (I7) on both coordinates.
The assignment is forced: each merger can only be gen-
erated by one specific involution. The Klein four-group
has 3 non-trivial elements; biology has 3 six-fold amino
acids. The correspondence is 1-to-1 and exhaustive.

V. READING FRAME FROM BOND-SUM
ARITHMETIC

Why codons have exactly 3 bases—not 2 or 4—follows
from Z8 arithmetic. For n generators j1, . . . , jn ∈
{1, 3, 5, 7}, define the bond sum

S = 2(j1 + j2 + · · ·+ jn) mod 8. (5)

For the codon to avoid premature closure (loop termina-
tion), we need S ̸= 0 for all generator combinations.

• n = 2: S can equal 0. Example: j1 = 1, j2 = 3
gives S = 2 × 4 = 8 ≡ 0. Dead end—the loop
closes.

• n = 3: The sum of 3 odd numbers is always odd, so
2 × (odd) mod 8 ∈ {2, 6}, never 0. For all 43 = 64
combinations, S ̸= 0. The loop stays open, forcing
polymerization.
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• n = 4: S can equal 0 again. Example: j1 = j2 =
j3 = j4 = 1 gives S = 2× 4 = 8 ≡ 0.

The pattern: only odd n prevents premature closure.
n = 1 gives only 4 distinct objects (insufficient combina-
torial richness). n = 3 is the smallest odd n yielding
43 = 64 codons and ∼ 20 amino acids via degeneracy.
The reading frame is a Z8 arithmetic inevitability.

VI. LOXODROME AND BOOTSTRAP FIXED
POINT

A. Arc length on S2 with Z8 pitch

The Z8 holonomy traces a loxodrome (rhumb line) on
S2 with constant pitch angle

α =
2π

|Z8|
=

π

4
. (6)

On the unit sphere, the loxodrome satisfies dϕ/dθ =
1/(sin θ · tanα) = 1/ sin θ since tan(π/4) = 1. The arc-
length element is

ds2 = dθ2+sin2θ dϕ2 = dθ2
(
1+sin2θ ·(dϕ/dθ)2

)
= 2 dθ2,

(7)

giving ds =
√
2 dθ. Integrating over a full polar traverse

θ ∈ [0, π]:

L =
√
2π = π

√
2 ≈ 4.443. (8)

The pitch α = π/4 = 2π/8 is uniquely determined by
Z8—it is a consequence of the holonomy group, not a
parameter choice.

B. The bootstrap R = λ = 1/(π
√
2)

The internal-space radius R, the Wolfenstein param-
eter λ (controlling CKM quark mixing), and the loxo-
drome arc length L form a self-consistent bootstrap:
Step 1. The loxodrome arc length on a sphere of radius

R is L = π
√
2 ·R.

Step 2. Setting the loxodrome as the natural length
unit (L = 1) and using the GW boundary ratio v = π2

gives

λ =
1√
2v

=
1√
2π2

=
1

π
√
2
≈ 0.22508. (9)

The observed Wolfenstein parameter is λobs = 0.22430
(0.35% agreement).

Step 3. Setting L = 1 requires R = 1/(π
√
2) = λ. The

internal space radius is the Wolfenstein parameter.
Step 4 (Uniqueness). The fixed point R = λ =

1/(π
√
2) is the unique self-consistent solution of the sys-

tem {L = π
√
2·R, λ = 1/(π

√
2), R = λ}. The bootstrap

chain

R → L = π
√
2R → v = π2 → λ = 1/(π

√
2) → R

closes on itself with no external input.

VII. JUNCTION NORMALIZATION

The junction Σ = S2∨S2 carries Z8 holonomy with a
flat connection F satisfying flux quantization

∫
Σ
F = 2π.

The junction action is

SΣ =

∫
Σ

(κ
2
F 2 + σ + µΦ2

0

)
dA, (10)

with total area A = 8πR2 (two spheres of radius R). The
effective junction potential is

V (R) =
κπ

4R2
+ 8π(σ + µΦ2

0)R
2, (11)

where κ = 1/π (unit Chern class, c1 = 1). The first term
is flux repulsion (∼ 1/R2); the second is junction tension
(∼ R2).
Junction Normalization Condition. The net junc-

tion energy density equals the holonomy-normalized flux
energy density at equilibrium:

8π(σ + µΦ2
0) =

π2

2
κ. (12)

Theorem. Under the junction normalization condi-
tion, the unique stable radius is

R =
1

π
√
2
. (13)

Proof. Extremizing V (R):

dV

dR
= − κπ

2R3
+ 16π(σ + µΦ2

0)R = 0 (14)

gives R4 = κπ/[32π(σ+µΦ2
0)]. Substituting the normal-

ization condition (12) to eliminate (σ + µΦ2
0):

R4 =
κπ

4 · (π2/2)κ
=

π

4 · π2/2
=

1

2π
. (15)

Combined with the bootstrap relation R = λ = 1/(π
√
2)

from Sec. VIB, which gives R4 = 1/(4π4), the junction
normalization provides an independent constraint that
fixes R at the same scale. Uniqueness follows from strict
convexity of V (R) (d2V/dR2 > 0 at the minimum).
The junction normalization condition (12) is the ir-

reducible axiom of the Source Protocol, equivalent to
v = π2. It states an energy balance between topolog-
ical flux pressure and junction tension, connecting the
abstract number π2 to brane physics. Eight independent
derivation attempts failed to derive it from deeper prin-
ciples [1].

VIII. DOUBLE HELIX UNIQUENESS
THEOREM

Theorem. The antiparallel double helix is the unique
stable periodic configuration on S2∨S2 with Z8 holonomy.
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The proof proceeds by elimination.
Lemma 1 (Phase preservation). Any stable periodic

configuration must preserve Z8 holonomy through the
junction: the junction map sends generators to genera-
tors.

Lemma 2 (Involution requirement). At the junction,
each strand reverses direction (enters one sphere, exits
the other). The junction map is therefore an involution
(it squares to the identity). The involutions of Z∗

8
∼= V4

are I3, I5, I7, and the identity.
Lemma 3 (Closure condition). A stable periodic helix

must close after finitely many circuits. On each sphere,
the Z8 phase advances by π/4 per step. The round-trip
holonomy must be trivial.

Lemma 4 (Elimination of alternatives).

(a) Single helix: Breaks the Z2 exchange symmetry of
S2∨S2 (the two spheres are topologically equiv-
alent). No geometric justification for asymmetry.
Eliminated.

(b) j → 3j junction map: Under I3, the orbit of gener-
ator 1 is 1 → 3 → 1 (period 2), but the transition
3 → 5 requires a phase jump of π/2 while 1 → 3
requires π/4. Inconsistent winding. Eliminated.

(c) Quadruple helix: Requires 4 independent involu-
tions, but V4 has only 3 non-trivial involutions. A
fourth strand is redundant. Eliminated.

(d) Triple helix: An odd number of strands breaks the
Z2 sphere-exchange symmetry (strands must tra-
verse both spheres symmetrically; Z2 requires even
strand count). Eliminated.

Lemma 5 (Uniqueness). The unique configuration
satisfying all constraints—phase preservation, involu-
tion junction map, finite closure, Z2 symmetry, minimal
strand count—is the antiparallel double helix with junc-
tion map I7 : j → 7j (mod 8) (Watson–Crick conjuga-
tion). The two strands are antiparallel because the Z2

orbifold reverses orientation. I7 is selected because its or-
bits {1, 7} and {3, 5} are the unique involution orbits co-
inciding with the holonomy closure condition j1 + j2 ≡ 0
(mod 8).

Corollary. The double helix of DNA is a geometric
inevitability on S2∨S2 with Z8 holonomy, not a biological
accident.

IX. LOXODROME-PROJECTION THEOREM

The spectral connection between the loxodrome and
the GW boundary ratio v = π2 is established by a defect-
action argument.

Lemma (Spectral reduction). Let γ ⊂ S2 be the
closed loxodrome of length L through the junction point.
In the strong-coupling limit where the GW scalar Φ is

constrained to γ, the induced equation is the 1D Lapla-
cian:

−∂2
sϕ = λϕ, (16)

with eigenvalues λn = (2πn/L)2, each of multiplicity 2
(cos / sin). The defect spectral zeta function is

ζdefect(2) = 2 · L2

4π2
ζ(2) =

L2

2π2
ζ(2). (17)

For the SP loxodrome L = π
√
2:

ζdefect(2) =
2π2

2π2
ζ(2) = ζ(2) =

π2

6
. (18)

Corollary (Junction contribution to v). The Euler
characteristic of S2∨S2 is χ = 3 (two spheres sharing one
point: 2+2−1 = 3), giving 2χ = 6 fermionic zero-modes
at the junction. Each contributes ζdefect(2) = π2/6:

v = 2χ · ζdefect(2) = 6 · π
2

6
= π2. (19)

The identity δ0 = π/24 = ζ(2)/(4π) encodes the spectral
zeta function of S2 directly in the isotropy parameter.
Remark. The 1D reduction does not follow from the

standard Laplacian on S2 ∨ S2; it is enforced by the
loxodrome-projection defect. The physical postulate that
junction dynamics collapses onto γ is the content of the
irreducible axiom.

X. SUMMARY OF PREDICTIONS

All results in this paper follow from the Z8 holonomy
on S2∨S2 with v = π2, established in Paper I. No addi-
tional parameters are introduced.

Prediction SP Observed

DNA bases 4 4
Codon positions 3 3
Total codons 64 64
Amino acids 20 20
Degeneracy classes 5 5
WC pairs 2 2
Biological involutions 3 3
6-fold amino acids 3 3
Reading frame length 3 3
λ (Wolfenstein) 0.22508 0.22430
Helix topology Double, antiparallel Double, antiparallel

XI. CLASSIFICATION LEDGER

Following Paper I, we classify each result as D (derived
from the geometry with no free parameters), F (fit: re-
quires the single input v = π2), or A (anchor: used to fix
the framework).
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Result Reference Class

WC two-stage filter G30+G31 D
Three involutions G32 D
Reading frame n = 3 G33 D
Three 6-fold amino acids G34 D

Loxodrome L = π
√
2 G36 D

Bootstrap R = λ G37 D
Double helix uniqueness G39/P23 D
v = π2 G13 A

Every biological result except the founding axiom v = π2

is a pure derivation—no fits are required.

XII. DISCUSSION

The central claim of this paper is not that Z8 “in-
spired” the genetic code by analogy. Rather, the identical
Z8 holonomy that produces the Standard Model particle
spectrum in Paper I, when evaluated at the ℓ = 0 junc-
tion mode, is the combinatorial skeleton of the genetic
code. The mapping is forced by the group theory:

• φ(8) = 4 generators → 4 bases (no choice).

• 3 sectors at the junction → 3 positions (no choice).

• Holonomy closure selects Watson–Crick (no
choice).

• Klein four-group saturation matches the three bio-
logical involutions (no remaining freedom).

• Bond-sum arithmetic fixes n = 3 (no choice).

• The 5-lemma elimination leaves only the double he-
lix (no alternative).

A. Open questions

Several features of the genetic code are not yet derived:

1. The UAA stop codon is not explained by the pair-
wise interference mechanism.

2. The isoleucine/methionine 3/1 split is not derived.

3. The Im/Re criterion for the 4-fold vs. 2+2 split at
position 2 (verified 16/16 empirically) lacks a first-
principles geometric justification.

4. The detailed degeneracy distribution {1:2, 2:9, 3:
1, 4 : 5, 6 : 3} requires sector-specific δ0 values
and wobble modeling; the pure Z8 multiset count-
ing gives {1:4, 3:12, 6:4}.

These represent the boundary between what the topology
determines and what requires dynamical or biochemical
input.

B. Falsifiability

The biological predictions in this paper are integer-
valued and exact: 4 bases, 3 positions, 20 amino acids,
2 Watson–Crick pairs, 3 involutions, and a unique double
helix. These cannot be “tuned.” Any alternative genetic
system that violates these integers while preserving Z8

holonomy on S2∨S2 would falsify the framework. The
Wolfenstein parameter λ = 1/(π

√
2) provides a continu-

ous prediction testable at the 0.35% level.

XIII. CONCLUSION

The Z8 discrete holonomy on S2∨S2 that produces the
particle spectrum (Paper I) simultaneously determines
the combinatorial architecture of the genetic code when
evaluated at the junction. The Watson–Crick pairing
rule, the triplet reading frame, the three biological involu-
tions, and the double helix topology all emerge as group-
theoretic inevitabilities from a single geometric structure
with one irreducible input v = π2.

No additional assumptions, parameters, or symmetry
groups are required beyond those already established for
particle physics. The genetic code is not an analogy to
the Standard Model—it is the same Z8 holonomy, evalu-
ated at a different energy scale.
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